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pings in an R-tree. In the case where these mappings commute with a quasi-nonexpansive
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1. Introduction
In [1], Suzuki introduced a generalization of nonexpansive mappings through the following definition:
a mapping T defined on a subset K of a Banach space X is said to satisfy condition (C)
if 1/2∥x− T (x)∥ ≤ ∥x− y∥ implies ∥T (x)− T (y)∥ ≤ ∥x− y∥ for x, y ∈ K .
This condition is weaker than nonexpansiveness, and provided the mapping T has a fixed point, is stronger than quasi-
nonexpansiveness [1]. Although there are examples of mappings satisfying condition (C) that are discontinuous [1, Exam-
ple 1], these mappings share some of the fixed point properties of nonexpansive mappings. For example, if X has the Opial
property and K is a weakly compact convex set then a self mapping of K that satisfies condition (C) has a fixed point
[1, Theorem 4] (see also [2]).
In [3] the condition C was generalized by replacing the number 1/2 in the Suzuki definition by a parameterλ ∈ (0, 1), and
someof the fixed point results in [1]were established. In [4–6] the authors defined amultivalued analog of the generalization
of condition C that was given in [3], and proved fixed point theorems in Banach and CAT(0) spaces (see also [7]). We state
their multivalued definition for the general case of a metric space.
Definition 1 ([4–6]). Let K be a nonempty subset of a metric space (M, d) and T : K → 2M a mapping with nonempty closed
bounded values. The mapping T is said to satisfy condition (Cλ) on K , if for some λ ∈ (0, 1),
λd(x, T (x)) ≤ d(x, y) implies dH(T (x), T (y)) ≤ d(x, y), x, y ∈ K ,
where dH is the Hausdorff metric derived from d. We say that a mapping satisfying condition (Cλ) is a generalized
nonexpansivemapping.
Clearly, if T : K → 2M is nonexpansive then it satisfies condition (Cλ). For an example of a mapping satisfying condition
(Cλ) that is not nonexpansive see [4, Example p. 1838].
Here we continue development of fixed point existence results for the multivalued case by considering generalized
nonexpansive mappings with nonempty closed convex values in an R-tree. The following is our main result.
∗ Fax: +1 505 662 0935.
E-mail address: jmarkin@newmexico.com.
0898-1221/$ – see front matter© 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2011.10.045
J. Markin / Computers and Mathematics with Applications 62 (2011) 4614–4618 4615
Theorem 1. Let (M, d) be a complete R-tree, and K a closed convex and geodesically bounded subset of M. Let T : K → 2M be
a mapping with nonempty closed bounded convex values such that T (x) ∩ K ≠ ∅, for x ∈ K. If T satisfies condition (Cλ) with
λ ∈ (0, 1/2], then T has a fixed point.
The approach here differs from those in [1–4,7] since we do not use asymptotic center methods. Instead, we assume
geodesic boundedness of the domain of themapping and construct a sequence of points that lie on a geodesic and converge to
a fixed point. We also prove a common fixed point result for a point-valued quasi-nonexpansivemapping and amultivalued
generalized nonexpansive mapping, assuming that the mappings commute.
2. Preliminaries
For any pair of points x, y in a metric space (M, d), a geodesic path joining these points is a map c from a closed interval
[0, r] to M such that c(0) = x, c(r) = y and d(c(t), c(s)) = |t − s| for all s, t ∈ [0, r]. The mapping c is an isometry and
d(x, y) = r . The image of c is called a geodesic segment joining x and ywhich when unique is denoted by [x, y]. For any pair
x, y ∈ M , denote the point z ∈ [x, y] such that d(x, z) = αd(x, y) by z = (1− α)x⊕ αy, where 0 ≤ α ≤ 1. A subset X ⊂ M
is said to be convex if it contains every geodesic segment joining any two of its points, and X is said to be gated [8] if for any
point y ∉ X there is a unique point yX ∈ X such that for any z ∈ X ,
d(y, z) = d(y, yX )+ d(yX , z).
The point yX is called the gate of y in X . From the definition of yX we see that it is also the unique closest point to y in the set
X . Gated sets in a complete geodesic space are closed and convex, and these sets also have the Helly property: if S1, . . . , Sn
are gated sets with pairwise nonempty intersection then they have a nonempty common intersection [8].
Definition 2. An R-tree is a geodesic metric spaceM such that:
(i) there is a unique geodesic segment [x, y] joining each pair of points x, y ∈ X .
(ii) if [y, x] ∩ [x, z] = {x}, then [y, x] ∪ [x, z] = [y, z].
By (i) and (ii) we have
(iii) if u, v, w ∈ M , then [u, v] ∩ [u, w] = [u, z] for some z ∈ M .
It follows from the definitions that in an R-tree the gated subsets are precisely the closed convex subsets. An R-tree is a
special case of a CAT(0) space. For the definition of a CAT(0) space and a description of its properties see [9].
The following three lemmas demonstrate some useful geometric properties of R-trees. The first lemma follows from the
definition of gated sets.
Lemma 1. Let (M, d) be a complete R-tree, and X, Y closed convex subsets of M. If X ∩ Y ≠ ∅ and x ∈ X, then the gate of x in
Y lies in X ∩ Y .
In [9], the authors proved the following lemma in a CAT(0) space. We state a version for R-trees that is sufficient for our
purpose.
Lemma 2 ([6]). Let (M, d) be an R-tree and x, y, z ∈ M. If
d(x, z)+ d(z, y) = d(x, y),
then z ∈ [x, y].
For any metric space (M, d) and nonempty closed bounded subsets A, B ofM , we define the Hausdorff metric
dH(A, B) := max

sup
x∈A
d(x, B), sup
y∈B
d(y, A)

,
where d(x, B) = infy∈Bd(x, y).
The following lemma was given in [10] for complete geodesic spaces with convex metric. Here we state it for the special
case of a complete R-tree.
Lemma 3 ([10]). Let (M, d) be a complete R-tree and U, V bounded closed convex subsets of M. Then, for any z ∈ M, d(u, v) ≤
dH(U, V ), where the points u, v are respectively the unique closest points to z in U and V .
Amapping T defined on a subsetK of ametric spaceMwith values in the nonempty closed bounded subsets ofM is (i) said
to be nonexpansive provided dH(T (x), T (y)) ≤ d(x, y), for x, y ∈ M; and (ii) said to be quasi-nonexpansive provided the
fixed point set F(T ) ≠ ∅ and d(T (x), z) ≤ d(x, z) for x ∈ K and z ∈ Fix(T ). The mapping T is said to have a fixed point, if
there is a z ∈ M such that z ∈ T (z). Throughout we denote by B(x, r) the closed ball with center x and radius r .
3. Fixed point results
In this section we determine the structure of the fixed point set of multivalued mappings satisfying condition (Cλ) in an
R-tree and give conditions such that the set is nonempty. In [9] the authors showed that a point-valued quasi-nonexpansive
mapping in a CAT(0) space has a closed convex fixed point set. The following proposition shows that the fixed point set of a
multivalued quasi-nonexpansive mapping in an R-tree is also closed and convex.
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Proposition 1. Let K be a closed convex subset of a complete R-tree (M, d) and T : K → 2K a quasi-nonexpansive mapping with
nonempty closed bounded convex values. Then Fix(T ) is closed and convex.
Proof. Assume x, y ∈ F(T ) and z ∈ [x, y]. We consider the balls B(x, d(x, z)) and B(y, d(y, z)), noting that z is in their
intersection. Assume that there is a pointw ≠ z that is also in the intersection. Then
d(x, w) ≤ d(x, z) and d(y, w) ≤ d(y, z), (1)
which implies that d(x, w)+ d(y, w) = d(x, y). By Lemma 2,w ∈ [x, y]. Therefore, the inequalities (1) can only be satisfied
ifw = z.
Since T is quasi-nonexpansive, d(x, T (z)) ≤ d(x, z) and d(y, T (z)) ≤ d(y, z), which implies that T (z) has a nonempty
intersection with B(x, d(x, z)) and B(y, d(y, z)). Since balls are convex in an R-tree [11], by the Helly property T (z) and the
two balls have a nonempty intersection, which is the point z. Thus, z ∈ T (z).
To show that F(T ) is closed, assume {zn} ⊂ F(T ) and limn→∝ zn = z. By the quasi-nonexpansiveness of T
d(z, T (z)) ≤ d(z, zn)+ d(zn, T (z)) ≤ 2d(z, zn),
and since T (z) is closed, z ∈ T (z). 
The next proposition follows easily from the definition of the condition (Cλ).
Proposition 2. Let K be a closed convex subset of a complete R-tree (M, d) and T : K → 2K a mapping with nonempty closed
bounded convex values. Let T satisfy condition (Cλ) on K . If F(T ) ≠ ∅ then T is quasi-nonexpansive.
For an R-tree example of a quasi-nonexpansive mapping that does not satisfy condition (Cλ) see [1, Example 2], which
demonstrates that quasi-nonexpansiveness is a strictly weaker concept than condition (Cλ). The next proposition follows
immediately from Propositions 1 to 2.
Proposition 3. Let K be a closed convex subset of a complete R-tree (M, d), and T : K → 2K a mapping with nonempty closed
bounded convex values. If T satisfies condition (Cλ) on K , then Fix(T ) is a closed convex set.
The following two lemmas are multivalued versions of Lemmas 5 and 7 in [1]. For this purpose we define the mapping
s: K → K that associates to each x its unique closest point in T (x), and let s2(x) denote the unique closest point in T (s(x))
to s(x), for any x ∈ K .
Lemma 4. Let K be a closed convex subset of a complete R-tree M, T : K → 2K a mapping with nonempty closed bounded
convex values and s: K → K the mapping associating to each x its unique closest point in T (x). Assume that T satisfies (Cλ) for
λ ∈ (0, 1/2]. Then for x, y ∈ K, the following hold:
(i) d(s(x), s2(x)) ≤ d(x, s(x)).
(ii) Either λd(x, s(x)) ≤ d(x, y) or λd(s(x), s2(x)) ≤ d(s(x), y) holds.
(iii) Either dH(T (x), T (y)) ≤ d(x, y) or d(s(y), s2(x)) ≤ 2d(s(x), y) holds.
Proof. (i) Since λd(x, T (x)) ≤ d(x, T (x)) = d(x, s(x)), by the condition (Cλ)
dH(T (x), T (s(x))) ≤ d(x, s(x)).
By the definition of s2(x) as the unique closest point in T (s(x)) to s(x), and by the previous inequality,wehave d(s(x), s2(x)) ≤
dH(T (x), T (s(x))) ≤ d(x, s(x)).
(ii) Arguing by contradiction assume
λd(x, s(x)) > d(x, y) and λd(s(x), s2(x)) > d(s(x), y).
By (i) and the assumption that λ ∈ (0, 1/2],
d(x, s(x)) ≤ d(x, y)+ d(s(x), y) < λd(x, s(x))+ λd(s(x), s2(x))
≤ 2λd(x, s(x))
≤ d(x, s(x)).
This is a contradiction.
(iii) The proof of (iii) follows from (ii). By the first inequality in (ii), λd(x, T (x)) = λd(x, s(x)) ≤ d(x, y).
Since the mapping T satisfies (Cλ), dH(T (x), T (y)) ≤ d(x, y).
Otherwise, by the second inequality in (ii),
λd(s(x), T (s(x))) = λd(s(x), s2(x)) ≤ d(s(x), y).
Since T satisfies (Cλ),
dH(T (s(x)), T (y)) ≤ d(s(x), y). (2)
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Since T (s(x)) is a closed convex subset of an R-tree, the closest point projection P onto T (s(x)) is nonexpansive. Then by the
Lemma 3 and inequality (2), we have
d(s(y), s2(x)) ≤ d(s(y), P(y))+ d(P(y), s2(x))
≤ dH(T (s(x)), T (y))+ d(y, s(x))
≤ 2d(s(x), y). 
Lemma 5. Let K be a closed convex subset of a complete R-tree M, and T : K → 2K a multivalued mapping with nonempty closed
bounded convex values. Assume that T satisfies (Cλ) for λ ∈ (0, 1/2]. Then
d(x, T (y)) ≤ 4d(x, T (x))+ 2d(x, y)
for any x, y ∈ K.
Proof. By part (iii) of Lemma 4, either
dH(T (x), T (y)) ≤ d(x, y) or d(s(y), s2(x)) ≤ 2d(s(x), y)
holds for all x, y ∈ K . In the first case we have
d(x, T (y)) ≤ d(x, T (x))+ dH(T (x), T (y)) ≤ d(x, T (x))+ d(x, y).
In the second case we consider
d(x, T (y)) ≤ d(x, s(y)) ≤ d(x, s(x))+ d(s(x), s2(x))+ d(s2(x), s(y)).
Then since d(s2(x), s(y)) ≤ 2d(s(x), y), and by part (i) of Lemma 4 d(s(x), s2(x)) ≤ d(x, s(x)), we have
d(x, T (y)) ≤ 2d(x, s(x))+ 2d(s(x), y)
≤ 2d(x, s(x))+ 2(d(s(x), x)+ d(x, y))
= 4d(x, T (x))+ 2d(x, y). 
The fixedpoint results in [4,7] formultivalued generalizednonexpansivemappings in a CAT(0) space assume themapping
has compact convex values. The following fixedpoint result shows that in anR-tree this assumption canbe replacedby closed
convex values provided the domain of the mapping is geodesically bounded.
Proof of Theorem 1. Choose x1 ∈ K and let y1 be the gate of x1 in T (x1). By Lemma 1, y1 ∈ T (x1) ∩ K , and therefore, since
K is convex,
x2 = (1− λ)x1 ⊕ λy1
is in K . We claim that x2 ∈ B(y1, d(y1, x2)) is the gate of x1 in that set. If not, assume there is a z ∈ B(y1, d(y1, x2)) that is the
gate of x1 and z ≠ x2. Then,
d(x1, y1) = d(x1, z)+ d(z, y1).
By Lemma 2 it follows that z ∈ [x1, y1]. If z ∈ [x1, x2), then d(z, y1) > d(y1, x2), which contradicts z ∈ B(y1, d(y1, x2)).
Otherwise, z ∈ (x2, y1], and therefore, d(x1, x2) < d(x1, z), which contradicts the assumption that z is the gate of x1.
By definition of the point x2, d(x1, x2) = λd(x1, y1). Therefore, by the condition (Cλ),
dH(T (x1), T (x2)) ≤ d(x1, x2). (3)
Since λ ∈ (0, 1/2], we have
d(x1, x2) ≤ d(y1, x2). (4)
Since y1 ∈ T (x1), it follows from (3) and (4) that
B(y1, d(y1, x2)) ∩ T (x2) ≠ ∅. (5)
Since K has a nonempty intersection with both of the sets in (5), the Helly property of R-trees implies that
B(y1, d(y1, x2)) ∩ T (x2) ∩ K ≠ ∅. (6)
Let y2 ∈ T (x2) be the gate of x2. Then Lemma 1 implies that y2 is in the intersection (6), therefore, y2 ∈ K and
[x2, y2] ⊂ B(y1, d(y1, x2)).
Continuing in this way, we define
xn+1 = (1− λ)xn ⊕ λyn,
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where at each stage xn+1 ∈ B(yn, d(yn, xn+1)) is the gate of xn, and [xn+1, yn+1] ⊂ B(yn, d(yn, xn+1)). By its construction the
sequence {xn} lies on a geodesic. If this process terminates after a finite number of stages then xn = xn+1 for some n, which
implies that xn ∈ T (xn) and that T has a fixed point.
Otherwise, by the assumption of geodesic boundedness, {xn} is a Cauchy sequence converging to a point z ∈ K . By the
definition of each xn, d(xn, xn+1) = λd(xn, yn), and since {xn} is a convergent sequence
lim
n→∝ d(xn, yn) = 0. (7)
By Lemma 5 the mapping T satisfies, d(x, T (y)) ≤ 4d(x, T (x))+ 2d(x, y), for any x, y ∈ K . Therefore, for each n,
d(xn, T (z)) ≤ 4d(xn, T (xn))+ 2d(xn, z).
By (7) and the convergence of the sequence {xn} to z, we have
lim
n→∝ d(xn, T (z)) = 0,
and since T (z) is closed, we conclude z ∈ T (z). 
Since a multivalued nonexpansive mapping satisfies the condition (Cλ), we have the following corollary of Theorem 1.
Corollary 1. Let (M, d) be a complete R-tree, K a closed convex and geodesically bounded subset of M, and T : K → 2M a
nonexpansive mapping with nonempty closed bounded convex values such that T (x)∩K ≠ ∅, for x ∈ K. Then T has a fixed point.
Remark. We note that the Corollary 1 is not new, and in fact follows from results in [10]. Indeed, if T is nonexpansive it is
almost lower semicontinuous in the terminology of [10]. Thus, by Theorem 4.4 in [10], T has a point of best approximation
in K , that is, there is a pointw ∈ K such that
d(w, T (w)) ≤ d(y, T (w))
for all y ∈ K . Since T (w) ∩ K ≠ ∅, there exists y ∈ K such that d(y, T (w)) = 0; hence d(w, T (w)) = 0.
Definition 3. Let K be a nonempty subset of an R-tree (M, d). The mappings t: K → K , and T : K → 2K are said to commute
weakly if t(∂KT (x)) ⊂ T (t(x)) for all x ∈ K , where ∂XY denotes the relative boundary of Y ⊂ X .
Common fixed point results in [12–15] for commutingmappings in a CAT(0) space assume that themultivaluedmapping
is nonexpansive and has nonempty compact convex values. In [4,7] the assumption on themultivaluedmappingwas relaxed
to include generalized nonexpansive mappings in a CAT(0) space. The next theorem gives a common fixed point result in an
R-tree where the generalized nonexpansive mapping has bounded closed convex values.
Theorem 2. Let (M, d) be a complete R-tree and K a closed convex geodesically bounded subset. Let t: K → K be a quasi-
nonexpansivemapping, and let T : K → 2K be amappingwith nonempty closed bounded convex values that satisfies the condition
(Cλ) for λ ∈ (0, 1/2]. If t and T commute weakly then they have a common fixed point, that is, there is a z ∈ K such that
z = t(z) ∈ T (z).
Proof. In the proof of Theorem 3.4 in [4] it was shown that for x ∈ Fix(t), T (x) ∩ Fix(t) ≠ ∅. By Proposition 1 (or
[9, Theorem 1.3]), Fix(t) is a closed convex subset. Since Fix(t) is contained in the geodesically bounded set K , it is also
geodesically bounded. Therefore, we can apply Theorem 1 to conclude that T has a fixed point z ∈ Fix(t), whichmust satisfy
z = t(z) ∈ T (z). 
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